This is a survey on our recent works on bi-harmonic maps on CR-manifolds and foliated Riemannian manifolds, and also a research paper on bi-harmonic maps principal G-bundles. We will show, (1) for a complete strictly pseudoconvex CR manifold
The B. Y. Chen's conjecture: Every biharmonic isometric immersion into the Euclidean space n  must be harmonic (minimal [6] , due to several authors have contributed to give partial answers to solve these problems (cf. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ).
For the first and second variational formula of the bienergy, see [4] .
Then, the CR analogue for harmonic maps and biharmonic maps has been raised as follows.
The CR analogue of the generalized Chen's conjecture: Let Next, let us consider the analogue of harmonic maps and biharmonic maps for foliations are also given as follows. Transversally biharmonic maps between two foliated Riemannian manifolds were introduced by Chiang and Wolak (cf. [21] ) and see also [22] [23] [24] [25] [26] . They are generalizations of transversally harmonic maps introduced by Konderak Recently, S.D. Jung studied extensively the transversally harmonic maps and the transversally biharmonic maps on compact Riemannian foliated manifolds (cf. [29] [30]
[31] [32] ).
Then, we will study transversally biharmonic maps of a complete (possibly noncompact) Riemannian foliated manifold ( )
 of which transversal sectional curvature is non-positive. Then, we will show (cf. [33] ) that: 
Preliminaries

First and Second Variational Formulas for the Energy
First, let us recall the theory of harmonic maps. For a smooth map ϕ of a Riemannian
whose first variational formula is:
Here, V is a variational vector field is given by 
where
The second variation formula of the energy functional 
.
Then, one can define that
The CR Analogue of the Generalized Chen's Conjecture
In this part, we first raise the CR analogue of the generalized Chen's conjecture, and settle it for pseudo biharmonic maps with finite pseudo energy and finite pseudo bienergy.
Let us recall a strictly pseudoconvex CR manifold (possibly non compact) ( )
n + -dimension, and the Webster Riemannian metric g θ given by
Recall the material on the Levi-Civita connection
Due to Lemma 1.3, Page 38 in [35] , it holds that,
where ∇ is the Tanaka-Webster connection, dθ Ω = , and ( ) ( )
, and T ∇ is the torsion tensor of ∇. And also, ( ) 
where { } 
For (3.7), notice that the Tanaka-Webster connection ∇ satisfies 0 T T ∇ = , and also 0 T τ = and JT = 0, so that ( ) ( 
The Green's Formula on a Foliated Riemannian Manifold
Then, we prepare the materials for the first and second variational formulas for the transversal energy of a smooth foliated map between two foliated Riemannian mani-
Riemannian manifold with foliation  of codimension q and a bundle-like Riemannian metric g with respect to  (cf. [37] [38]). Let TM be the tangent bundle of M, L, the tangent bundle of  , and Q = TML, the corresponding normal bundle of  . We 
The trace τ of α , called the tension field of  is defined by
, ,
due to Yorozu and Tanemura [36] , of a foliated Riemannian manifold ( )
The Variational Formulas for Foliations
Let ( ) , ,
M g  , and ( )
, , M g ′ ′ ′  be two compact foliated Riemannian manifolds. The transversal energy ( ) E ϕ among the totality of smooth foliated maps from ( )
Here, a smooth map ϕ is a foliated map is, by definition, for every leaf L of  , there exists a leaf
where Q * is a subspace of the cotangent bundle T*M. Here, π, π ′ are the projections of TM Q TML
Notice that our definition of the transversal energy is a slightly different from the one of Jung's definition (cf. [32] , p. 5).
The first variational formula is given (cf.
[?]), for every smooth foliated variation
in which V being a section
Here,
where ∇  is the induced connection in 
Then, for a transversally harmonic map 
, , 
:
Here, ∇ is the Levi-Civita connection of ( ) , M g , and recall also that: ′ is non-positive. Then, ϕ must be transversally harmonic.
Then, we can state our main theorem which gives an affirmative partial answer to the above generalized Chen's conjecture under the additional assumption that ϕ has both the finite transversal energy and the finite transversal bienergy:
, M g is complete (possibly non-compact), and the transversal sectional curvature
If φ is transversally biharmonic having both the finite transversal energy ( ) E ϕ < ∞ and the finite transversal bienergy ( ) 2 E ϕ , then it is transversally harmonic.
Remark that in the case that M is compact, Theorem 2.5 is true due to Jung's work (cf.
[32] Theorem 6.4, p. 14).
Proof of Theorem 2.1
The proof of Theorem 2.1 is divided into several steps which will appear in [20] . 
where r is the distance function from 0 x M ∈ , and g θ ∇ is the Levi-Civita connection of ( ) 
Here, let us recall, for
where { } e α is a locally defined orthonormal frame field of ( )
-component of X corresponding to the decomposition of ( ) ( )
, and ∇ is the induced connection of
the right hand side of (3.4) is equal to
Therefore, together with (3.3), we have
where we define
Then, it holds that
Therefore, we have that
The right hand side of (3.7)
Therefore, we obtain, due to the properties that 1 η = on ( ) 0 r B x , and 
where we put ( )
where ∇ is the Tanaka-Webster connection. Notice that Then, we have, for (3.16),
We used (3.12)
to derive the last second equality of (3.17). Then, due to (3.17), we have for
In the last equality, we used Gaffney's theorem ( [16] , p. 271, [?]).
Therefore, we obtain
We obtain Theorem 2.1.
Proof of Main Theorem 2.6
In this section, we give a proof of Theorem 2.6 which will appear in [34] , by a similar way to the case of foliations as Theorem 2.1.
(The first step) First, let us take a cut off function η from a fixed point 0
Assume that ϕ is a transversally biharmonic map of ( )
where recall ∇  is the induced connection on
(The second step) Then, by (4.1), we obtain that ( ) 
where the sectional curvature (The third step) On the other hand, the left hand side of (4.2) is equal to ( ) 
Because, putting
By (4.6), we have the second inequality of (4.4). .
Letting r → ∞ , the right hand side of (4.7) converges to zero since
. But due to (4.7), the left hand side of (4.7) must converge to ( )
Therefore, we obtain that ( )
(The fifth step) Let us define a 1-form α on M by ( )
and a canonical dual vector field
Then, its divergence
can be given as follows. Here, { } 1
Then, we can calculate
in the last equality of (4.10). Integrating the both hands of (4.10) over M, we have 
the right hand side of (4.11) coincides with We obtain Theorem 2.6.
Principal G-Bundles
In this section, we show the following theorem which is quite new and the more detail [34] will appear elsewhere. 
